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Abstract: 



We defined ^-derivations of n-ary algebras. We described ^-derivations of (n + 1)- 
£Nj ■ dimensional n-ary Filippov algebras and simple finite-dimensional Filippov algebras 

CN ', over algebraically closed field zero characteristic, and simple ternary Malcev algebra 

Ms- We constructed new examples of non-trivial (^-derivations of Filippov algebras 
and new examples of non-trivial antiderivations of simple Filippov algebras. 
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1. BBEflEHHE 



IIoHHTHe aHTHflH<b<bepeHiriipoBaHHH ajirc6pbi, HBjijnomeecH uacTHbiM cjiyua- 
eM <5-flH(h(pepeHLi,HpoBaHHa, T.e. (— l)-^r<p(pepcHn,irpoBaHHeM, paccMaTpuBajiocb 
r — ■ b pa6oTax [H [2]- B /jajibHeHineM, b pa6oTe [3J noHBjraeTCH onpeflejieHue 5- 

^vq | flHcpipepeHUHpoBaHHH ajire6pBi. HanoMHHM, uto npu cpHKCHpoBaHHOM 5 H3 ochob- 

Horo nojia F, nop, J-flHepcpepeHirnpoBaHHeM ajire6pbi A noraMaiOT jiHHeftHoe oto6- 
pajKeHue </>, y^OBjieTBopinonjee npu npon3BOjibHbix sjieivreHTax x,y G A ycjiOBHio 

(1) 4>(xy) = 8(4>(x)y + x<f>(y)). 

B pa6oTe [3| onucaHbi ^-flncbcpepeHHHpoBaHHH npoH3BOjibHOH nepBHHHOit ajire6- 

pbl JTh A (i G F) C HeBBipOJKfleHHOH CHMMeTpUUeCKOH HHBapHaHTHOH 6HJIHHeHHOH 

cbopMofi. A HMeHHO, poK&s&no, hto jihhchhoc OTo6pa>KeHHe <fi: A — > A HBjraeT- 
r> \ ca i-flH(p<pepeHiiHpoBaHHeM TOiyia h TOjibKO Tor,a,a, Kor,n,a <\> G r(A), r,n,e r(.A) 

- newrponp ajire6pbi A. OTcro^a cjie/ryeT, hto ecjin A — ueHTpajibHaa npocTaa 
ajire6pa JIh Ha,n, nojieM xapaKTepncTHKH p ^ 2,3 c HeBbipojKfleHHOfi CHMMeTpu- 
uecKoii HHBapnaHTHOH 6hjihhchhoh cbopMoii, to juo6oe ^-/nicpcbepeHHHpoBaHHe 4> 
HMeeT Biifl <p(x) = ax, pjm HeKOToporo a G F. B. T. OujinnnoB ,a,OKa3aji [4], hto 
jno6aH nepBHUHaa ajire6pa JIh He HMeeT HeHyjieBoro <5-/nicpcbepeHirHpoBaHHa:, ec- 
jih 6 7^ —1,0, i, 1. B pa6oTe [4| noKa3aHO, hto jno6aa nepBHUHaa ajire6pa JIh A 
(g G $) c HeHyjieBbiM aHTH,a,H(pcpepeHHHpoBaHHeM sbjihctch 3-MepHoit ueHTpajib- 
hoh npocToii ajire6poH nafl nojieM uacTHbix ueHTpa Zr(A) CBoeii ajire6pbi npaBbix 
yMHOJKeHHH R(A). TaioKe b stoh pa6oTe 6biji nocTpoeH npHMep HCTpHBHajibHoro i- 
^HcpepepeHUHpoBaHHH pjin ajire6pbi BuTTa W\ , T.e. Taicoro \- /nicpipepeHUHpoBaHHH, 
KOTopoe ne SBJIH6TCH sjieMeHTOM Hempon/ia ajire6pbi W\. B [5] onncaHbi 8- 
/jHcpcbepeHHHpoBaHHH nepBHHHbix ajibTepHaTHBHbix h HejineBbix MajibneBCKHx aji- 
re6p c HeKOTopbiMH orpaHHHCHHHMH Ha KOJibu,o onepaTopoB $. Kax OKa3ajiocb, 
ajire6pbi H3 sthx KjiaccoB He HMeiOT HeTpHBnajibHbix <5-/ni(pcbepeHHHpoBaHHH. 

l 



B pa6oTC |6J 6bijio jiaHO onncaHHe <5-,n;H(pcpepeHHHpoBaHHH npocTbix ko- 
HeHHOMepHBix fiopflaHOBBix cynepajire6p nap ajireSpanHecKn 3aMKHyTbiM no- 
jieM xapaKTepHCTHKH Hyjib. B jjajibHeiiiHeM, b pa6oTe [7J 6bijih onucaHbi <5- 
/nicpcpepeHHiipoBaHHH KjiaccnnecKHx cynepajire6p JIh. Pa6oTa [8J nocBsineHa onn- 
caHHio (J-jxiicpcpepeHHHpoBaHHH nojiynpocTbix KOHCHHOMepHbix ftop^aHOBbix cy- 
nepajire6p nap npoH3BOjibHbiM nojieM xapaKTepiiCTHKii otjihhhoh ot 2 n 5- 
(cynep)flH(p(pepeHD;HpoBaHHH npocTbix KOHenHOMepHbix jineBbix n nop,zi,aHOBbix cy- 
nepajire6p nap ajire6paHnecKH 3aMKHyTbiM nojieM xapaKTepHCTHKH Hyjib. flpsL 
ajire6p n cynepajire6p H3 pa6oT |SJ [7J |5] 6bijio noKa3aHO OTcyTCTBne HeTpH- 
BHajibHbix <5-(cynep)flH(p(pepeHri,HpoBaHHH. B jjajibHeHineM, pe3yjibTaTbi [Jj no- 
jiyHHjiH o6o6m;eHHe b pa6oTe II. 3ycMaHOBHia |10] . Hm 6bijio jiaHO onnca- 
HHe <5-(cynep)flH(p(pepeHLi;HpoBaHHH nepBHHHbix cynepajire6p Jin. A hmchho, 
oh flOKa3aji, hto nepBHHHaa cynepajire6pa JIh He HMeeT HeTpHBHajibHbix 5- 
(cynep)flHcp<pepeHD;HpoBaHHH npn 5 ^ —1, 0, 4, 1. II. 3ycMaHOBnn noKasaji, hto ,hjih 
coBepHieHHOii (t.c, TaKofi hto [A, A] = A) cynepajire6pbi JIh A c HyjieBbiM ueHTpoM 
h HeBbipojKfleHHOii cynepcHMMeTpHnecKoii HHBapnaHTHOii 6hjihh6hhoh <popMoii 
npocTpaHCTBO 2-(cynep)^H(p(pepeHH,HpoBaHHH coBnajiaeT c (cynep)ueHTpoH,zi;oM cy- 
nepajire6pbi A. TamKe, II. SycMaHOBHH, b cjiynae nojiojKHTCjibHon xapaKTepHCTHKH 
nojia, flaji nojioJKHTejibHbifi otbct Ha Bonpoc B. T. <J>HjiHimoBa o cyinecTBOBaHHn 
flejiHTejieii Hyns b KOJibne i-,zni(p<pepeHinipoBaHHH nepBHHHOii ajire6pbi JIh, ccpop- 
MyjiHpoBaHHbiit b [4]. B CBoe BpeMH, H. B. Kaftropo/ipBbiM h B. H. }KejiH6nHbiM 
paccMaTpHBajiHCb (5-(cynep),znicp<pepeHinipoBaHHJi npocTbix yHHTajibHbix cynepaji- 
re6p fiopflaHOBOfi cko6kh |11| . r,n,e hmh 6bijio noKa3aHO OTcyTCTBne HeTpHBHajib- 
Hbix <5-(cynep)/nicpcpepeHHHpoBaHHH npocTbix cynepajire6p HopjiaHOBOfi cko6kh, He 
hbjihioihhxch cynepajire6paMH BeKTopHoro THna h 6bijio npHBe^eHO onncaHHe 5- 
(cynep)flH(p<pepeHH;HpoBaHHH npocTbix KOHenHOMepHbix yHHTajibHbix Hop^aHOBbix 
cynepajire6p nap, ajire6paHnecKHM 3aMKHyTbiM nojieM xapaKTepHCTHKH otjihhhoh 
ot 2. KaK cjie^CTBHe, 6bijia o6HapysceHa CBH3b Me»cjjy HajinnneM HeTpHBHajibHbix 
<5-flH(p(pepeHH;HpoBaHHH npocTbix yHHTajibHbix cynepajire6p nop,naHOBbix cko6ok h 
cneirnajibHOCTbio cynepajire6pbi. ^-CynepjjHcpcpepeHHHpoBaHHH o6o6meHHoro py6- 
jih KaHTopa, nocTpoeHHoro Ha nepBHHHOft accoiniaTHBHon ajire6pe, paccMaTpn- 
BajiHCb b pa6oTe [9|. U,hkji CTaTefl no onncaHHio (5-(cynep)ji;H(p(pepeHii;HpoBaHHH 
npocTbix KoneHHOMepHbix iiopflaHOBbix cynepajire6p 3aKaHHHBaeTca pa6oToii [12] . 
rpe 6bijio pano nojiHoe onncaHHe 5-(cynep),zni(p(pepeHinipoBaHHH nojiynpocTbix 
KOHennoMepHbix JiopjiaHOBbix cynepajire6p nap ajireSpanHecKn 3aMKHyTbiM no- 
jieM xapaKTepHCTHKH otjihhhoh ot 2. B nacTHOCTH, 6mjih nocTpoeHbi npHMepbi 
HeTpHBHajibHbix i-(cynep)flH(pcpepeHH;HpoBaHHH jijih npocTbix HeyHHTajibHbix ko- 
HenHOMepnbix JiopjiaHOBbix cynepajire6p. B pa6oTe |13| 6bijio flaHO onncaHHe 6- 
^,H(p(pepeHH;HpoBaHHH nojiynpocTbix CTpyKTypii3yeMbix ajire6p. Ilocjie SToro, pac- 
CMaTpnBajiHCb o6o6m;eHbie (5-,znicp(pepeHinipoBaHHH nepBHHHbix ajibTepHaTHBHbix h 
jineBbix (cynep)ajire6p, a TaK»ce yHHTajibHbix h nojiynpocTbix iiop^aHOBbix (cy- 
nep)ajire6p [H] , 



2. HOBblE riPHMEPbl HETPHBHAJIbHblX J-flHOxPEPEHI^HPOBAHHH AJirEBP 

OHJIHnnOBA. 

Ajire6poii OnjinnnoBa Ha3biBaeTCH ajire6pa L c Oflnoii aHTHKOMMyTaTHBHoft n- 
apHoii onepainieii [xi, . . . , X n ], yflOBjieTBopinom,en ToacflecTBy 



[[xi , . . . , x n ], y 2 , . ■ ■ , y n ] = y^[^i> • ■ • , [xj, 2/2, ■ • ■ , y n ], ■ • ■ , %n]- 

»=i 
^HcJxJjepcHi^HpoBaHiieM n-apnoii ajire6pBi L Ha3BiBaeTCH jiimeiiHoe OTo6pa>KeHHC 
D, y^OBjieTBopaiomee ycjiOBiiio 

n 

(2) D[x!,...,x n ] = y^\x x , . . . , D{xj), . . . ,x n ]. 

i=l 

IIo aHajiorHH c <5-AH(p<P e P eHD ; H P 0BaHHeM 6imapHBix ajire6p, kotopbim nocBam,eHBi 
pa6oTBi [5]-|14|. mbi MOsceM onpe/jejiiiTB J-AiiepcpepeHAiipoBaHiie n-apnoii ajire6pBi, 
KaK jiHHeflHoe OTo6pa:sceHHe 0, pjm cpiiKCiipoBaHHoro sjieivreHTa ocHOBHoro nojra S, 
y^OBjieTBopHKimee ycjiOBiiio 

n 

(3) <f>[xi,...,X n ] = 6y][xi,...,(/)(Xi),...,Xn]- 

i=\ 

IlycTB T(L) = {ip e End(A)\ip([xi,...,x n ]) = [xi,...,ip(xi),...,x n ]} — n;eHT- 
poiiA ajire6pBi L. 5Icho, hto b cjiy^iae n-apHoii ajire6pbi L KajKflBiii sjieMenT T(L) 
6y^eT aBjiHTBCH i- AiicpcpcpcHAHpoBaHHCM. HeHyjieBoe <5-Ancp(pepeHAHpoBaHiie <j> 
6yn;eM CHiiTaTB HeTpHBHajiBHBiM, ecjni S ^ 0, 1 ii (f> (fc T(L). B ^ajiBHeiiineM, anyraH 
6 = 0,1 mbi 6yn,eM onycKaTB 6e3 AonojiHHTejiBHBix oroBopoK. 

B CBoe BpeMH [16J, B. T. OiuiiinnoB flaji oniicaHiie n-apHBix ajire6p OiijiiinnoBa 
pa3MepHOCTH n + 1. IlycTB A — n-apHaa ajire6pa <J>HjiHimoBa, dim(A) = n + 1 
h {ei, . . . , e„+i} — 6a3HC ajire6pBi A. Hepe3 Xi mbi 6yn,eM oSosHanaTB OTcyTCTBiie 
sjieMeHTa xi. HanpnMep, [xi,X2,X3, x&] = [x\,x-z,xi\. 

CorjiacHO KjiacciicpiiKaAHH B. T. OminnnoBa, n-apHBie ajire6pBi <J>HjiHnnoBa pa3- 
MepHOCTii n + 1 hba ajire6paHHecKH 3aMKHyTBiM nojieM F xapaKTepiiCTiiKii otjiiih- 
hoh ot 2 HCHepnBmaiOTCfl n + 4 cepiiHMii ajire6p: 

(Ai). [ei, . . . , ei, . . . , e„+i] = 0, rji-a 1 < « < n + 1. 

(Bi). [ei, ...,ei,...,e„+i] = 0, A-ns 1 < i <n + l, [e 2 , . . . ,e„+i] = ei. 

(B 2 )- [ei,...,ei,...,e n+ i] = 0, A-ns 1 < i < n, [ei,...,e„] = ei. 

(Ci). [ei,...,ei,...,e n+ i] = 0, A-ns 1 < % < n - 1, 
[d, . ..,e„,e„ + i] = e„, [ei, ...,e n ] = ae n+ i, a ^ 0. 

(C 2 ). [ei,...,e l ,...,e n+ i] = 0, am 1 < i < n - 1, 
[ei, . . .,e„,e n+ i] = e„ + /3e„ + i, [ei, . . . ,e n ] = e n+ i, /? 7^ 0. 

(£> r ). 3 < r < n + 1, [ei, . . . , e», . . . , e„+i] = e i; ajis 1 < i < r, 
[ei, . . . , ii, . . . , e„+i] = 0, AAA ?' + 1 < i < n + 1. 

IlycTB — <5-AH(p<pepeHn,npoBaHiie ajire6pBi A, TorAa nepe3 [(f)] 6yAeM o6o3Ha- 
naTB MaTpiniy jiHHCiiHoro OTo6pa>KeHHH (f> b 6a3iice {ei, . . . , e n +{\. TaKHM o6pa30M, 

[0(x)] = [x][0], TAG [x] — BeKTOp-CTpOKa, COCTaBJieHHaH H3 KOOpAHHaT BeKTopa X B 

6a3Hce {ei, . . . , e n +i}- Hepe3 {</>} 11 \{4>}\ 6jp,eM, cooTBeTCTBeHHO, o6o3Ha x iaTB mho- 
HcecTBO, cocTaBjieHHoe H3 AHaroHajiBHBix sjicmchtob MaTpimBi [eft], h ero moiahoctb. 
Jlerxo 3aMeTiiTB, hto pjlk ajire6p Tiina (A±) jiio6oii 3HAOMopcpH3M 6yn,eT hb- 
jihtbch (5-AHCp(pepeHAHpoBaHHeM pjm jiio6oro S G F. 



JleMMa 1. Ilycmb A - aAze6pa muna (B\) u <f> - - nempueuaAbHoe 5- 
dwfiaiepenuupoeanue aAze6pu A, mozda \{<p}\ >2u 

n+l n+l 

<f>{ei) = S^f3 kk e 1 ,<j>(e l ) = y^/8jjej (2 < i). 

fc=2 j=l 

n+l 

^HoKa3aTejii>cTBO. IlycTb <j>(ei) — J2 Pij e jiPij <= -F. 3aMeTHM, hto 

n+l n+l 

<H e i) = 4>[ e 2, ■ ■ • ,e„+i] = £^[e 2 , . . . ,0(e fe ), . . . , e„+i] = fl^fffcfcei- 

k=1 fe=2 

JlerKO BHfleTb, hto OTo6pa:>KCHHe, 3a,n;aHHoe no npaBHjiy 

n+l n+l 

fc=2 j=l 

6y^eT hbjihtbch <5-flH(p(pepeHn,HpoBaHHeM. Otmcthm, hto ecjin |{</>}| = 1, to Bee 
j3u paBHbi MejK/i,y co6oii h 5 = — . B stom cjiynae jierKO noKa3aTt, hto <j> G T(^4). 
JleMMa flOKa3aHa. 

JleMMa 2. Ilycmb A - aAze6pa muna (-B2) u <j> ■ - nempueuaAbHoe 5- 
dutfiqiepenuupoeaHue aAze6pu A, mozda \{(f>} \ {/?n+in+i}| > 2 u 

c n n+l 

^( ei ) = 1 _ x z2 Pkkei,(f>(e n+1 ) = /9 n +in+ie n +i, </»(e») = 2J fti e j ( 2 - * - n )- 

fc=2 j=l 

n+l 

/]^OKa3aTejiBCTBO. IlycTb 4>{ei) — ^2 fiij e jiPij G -F 1 . 3aMeTHM, hto 

n n 

(p(ei) = «/>[ei,...,e„] = <5^[ei, . . . ,0(e fe ), . . . ,e„] = tf^feei, 

fc=i fe=i 

n 

OTKy^a /? n = ^ Yl hk- Otmcthm, hto 

fe=2 

= (f>[ei, . . . ,ii,. . . ,e n+ i] = 8[ei, . . . ,e t ,. . . , e„,/3„ +H ej], 

hto BjieneT fi n+ u = 0,i 7^ n + 1. JlerKO BHfleTt, hto OTo6pajKeHne, 3a,n;aHHoe no 
npaBHjiy 

c n n+l 

0(ei) = -J 7 ^ faei,^(e n+ i) = /3„+i„+ie„+i, h 0(e;) = ^/%ej,2 < i < n 

fc=2 j=l 

HBjiHeTCH <5-flH(p(pepeHn,HpoBaHHeM. Otmcthm, hto ecjin |{0} \ {/? n +in+i}| = 1, to 
Bee f3u(i ^ n + 1) paBHbi MejK^y co6oii n (5 = —. B stom cjryrae jierxo noKa3aTb, 
hto € r(A). JleMMa ^,OKa3aHa. 

JleMMa 3. Ilycmb A - aAze6pa muna (Ci) u <fi - - nempueuaAbHoe 5- 

( A C \ 

du$>($)epenuupoeanue aAze6pu A, mozda [</>] = I _ „ j , gcte A G M n -i,B G 

n-l 

M 2 , C G M„_i. 2) G = G M 2 , n _i, |{^}| >2unpuw = ^- s Y. hk eepno 

fe=i 



B=[ s W nn+1 ) , vp,e /3 nn+1 = 0, ecjin 6 ^ -1. 

V aPnn+1 W / 

n+l 

^OKa3aTejii>CTBO. ITycTb 4>{ei) — ^2 fiij e jifiij € -F- 3aivieTHM, hto 



a<j>(e n+ i) = ^y^[ei, . . . ,(f>(e k ), ...,e n ] = a<5^/3 fefe e„ + i + 6/3 nn+ ie n , 
fe=i fe=i 

n 

OTKy/i,a 4>(e n+ i) = 5 J2 I3kke n+ i + f /3„„ + ie n . JlerKO BH^eTb, hto 
fe=i 

71—1 n 

0(e n ) = 0[ei, . . . , e n _i,e n+ i] = 5^/3 fefc e„ + <5 2 ^/3 fcfe e„ + 6 2 /3 nn+ ie n+ i, 



fe=i fc=i 

n-l 

OTKyfla /? nn = ^ I] hk h 
fc=i 

n /n—1 ? n—1 \ ^ n— 1 

Pn+ln+1 = &2^/@ kk = ^ I Z^ ^ fcfe + 1 _ X / , ^ fefe ) = -i _ r / , /*fcfc- 
fe=l \fe=l fc=l / fe=l 

TaKJKe, MM BHflHM HTO /3„n+l = 5 /3 nn +l, TO eCTB finn+1 7^ TOJIBKO npH (5 = — 1 . 

n-l 

IIojiojkhm w = y^-r ^2 Pkk- Jlerxo BH^eTb, hto OTo6pa»:eHHe 0, onpeflejieHHoe 

fe=i 
KaK 

n+l c 

^(ei) = V'ftjej (i < n), 4>{e n ) = we n +/3 n „+ie„ + i, 0(e n +i) = — /3 nn+1 e n +we n+1 , 
z — ' a 

i=i 

r^e flnn+i = ecjiH 5 7^ — 1, HBjraeTCH (J-fliicpcpepeHiiTipoBaHHeM. Otmcthm, hto 
ecjin |{</>}| = 1, to Bee flu paBHM Me:sc,zry coGofi h # = — . B /jamiOM cjiynae, jierxo 
BHfleTb. hto G r(A). JleMMa ^,OKa3aHa. 

JleMMa 4. Ilycmb A - a,Aze6pa muna (C2) u <fi - - nempueuaAbHoe S- 
M 2 ,C G M„_i, 2 ,G = G M2,„_i, |W| > 2 u 

/ itr(A) _ JM \ 

R - 1-* l+<5 ' ' 

V h -r±r + TTs"f J 



iyi,e 7 7^ 0, ecjin 7^ x ^ jmoo = — 1. 

n+l 

^HoKa3aTejitcTBO. IlycTb <^>(e^) = J^ Pij e jiPij € -f- 3aMeTHM, hto 

<A(e«+i) = 0[ei,. . . ,e„] = 
/ „ \ 

<5 I 2_^P iien + l ~^~ finn+l\ e n + /^ e n+l) I = Pn+ln e n + /^n+ln+l e n+l- 
3HaHHT, 

4>{e n ) + PPn+i n e n + fi/3n+in+ie n +i = 4>(e n + 0e n+1 ) = <f>[ei, . . . , e n , e„+i] = 



5 I J^ 0u(e n + /3e n+ i) + /3 n+ i n e n+ i + /3 n +i„+i(e„ + /?e n+ i) J • 

ri-1 

OTKy/ja. BBe^a HOBoe o6o3HaHeHiie 0=51 ft*' bh^hm, ito 

(4) /3„„ = 56* + (5/3 n+ l„ + l - PPn+ln, 

(5) /3rm+l = 0~#/3 + 8p n +ln + O^n+ln+1 - /?^n+ln+l, 

(6) Pn+ln = Sfinn+l, 

(7) Pn+in+i = 56 + 60 nn + 5f3[3 nn+1 . 
CKjiaflbiBaa h BtiHHTaa ((4]) h ((7]), mm nojiynaeM 

(8) {l-5)(/3 nn + /3 n+ln+1 ) = 2Se, 

(9) (1 + 5)(l3 nn - /3 n+ln+1 ) = -2S/3(3 nn+1 . 
II3 © h ((HI) JierKO cjie/iyeT, hto npii (5 7= — 1 bcpho 

(10) Pnn — , _ r - — — cPnn+1, 

jrn or 

(11) fln+ln+l = 7 + -, , £ Pnn+l, 

l—o l+o 

a npii 5 = -1 HMeeM /3 n+ln = fi nn+ i = h /?„„ = /3„ + i„+i = -§. 

BbipajKeHHH fljia /3„ + i n+ i h /3„ + i„ h3 paBeHCTB (| 1 1 1) h @ no,ii;cTaBHM b ([5]), h, 
b pe3yjibTaTe, nojiy^iiiM 

n ^ fl _ l3 2 s(s-i) 

[1 — jPnn+l — f Pnra+1, 

1 + 



o / n x -/3 2 -2±^//3*+4^2 
TO eCTb, Pnn+1 + U TOJIBKO npH = * . laKHM OOpa30M, Mbl 

nojiyHHjiH, hto OTo6pa>KeHHe <J) HMeeT BZfl, onHcaHHbiii b cpopMyniipoBKe Teo- 
peMbi. 5Icho, ^ito OTo6pa>KeHHe 3a,a,aHHoe TaxiiM o6pa30M 6yn,eT hbjihtbch 5- 
flii(p(pepeHD;HpoBaHHeM. Otmcthm, hto ecjin \{(f>}\ — 1, to Bee Pa paBHti wes&fxy 
co6oii h 6 = ~, T.e. e T(^4). JleMMa ^,OKa3aHa. 

JleMMa 5. Ilycmb A - ajize6pa muna (D r ) u <f> - - nempueuaAbHoe 5- 

( A C \ 
ducfigjepeHi^upoeciHue ajiee6pu A, mozda [(f)] = I „ „ j , ge?e ^4 € M r ,B E 

1) ec/m (5 = — lj mo yl = (a^), zcte a,;j = (— l) l— •'ajj, i 7= j u tr(A) = —tr(B); 

2) ec/m 5 = ^ mo tr(B) = u A = f3E, /3 e F; 

3) ec/m 5 ^ ^, -1, moA= 1+ g_ rg tr(B)E; 

4) odnoepeMeHHO He eunoAHsnomcsi C = u |{</>}| = 1. 

n+l 

/^OKa3aTejii>CTBO. IlycTb <^>(ej) = 5Z Pij e ji/3ij € -F 1 - 3aMeTHM, hto ^jih i < r 

3=1 

BCpHO 

0(e») = 0[ei,...,ei,...,e n+ i] = <5 ^[ei, . . . , ^(e^), ■ ■ ■ , e», . . . , e n+1 ] = 



OTKyjra jierKO cne/iyeT, hto npii j,i < r BepHO 

to ecTb, npn i,j <r,i=/= j iiMeeM jih6o flij = (— \) l ~ 3 fiji h 5 = — 1, jih6o /3y = h 
<5 7^ — 1. TaKHce BifliM, hto npH i < r BepHO 

n+l 
n+l 

to ecTb jih6o /9,j = /3 npn <5 ^ — 1, jih6o 5Z ftj — n P H S = — 1. OTKyn,a bh^hm, 

HTO TepMHHaX (pOpMyjIHpOBKH JieMMbI BbinOJIHCHHO yCJIOBHe 1). 

Ecjih 5 =/= — 1 z i < r, to 



1 

r-1 ' 



' 1 + 6 L J 1 + <T 1 

to ecTb jih6o /3ii = 1+ g_ rg tr(B) n 6 =^ — Kr, jih6o tr(B) =0ii5 = 
Ecjih i > r, to CTaHflapTHbiMH onepannHMH, MoaceM nojiyHHTb 

= (j>[e\,. ..,e.i,... , e n+ i] = 5y~]0jjej, 

j<r 

to ecTb /3ji = 0, ecjiH i > r h j < r. To ecTb, b TepMHHax ycjioBHH jicmmbi, G = 0. 
Jlerxo BH^eTb, hto OTo6pa»ceHHe <p, onpe^ejieHHoe KaK b ycjiOBHH jieMMbi, hb- 

JIHeTCH (5-flHCp(pepeHD;HpOBaHHCM. 

OTMeTHM, hto npn C^O, OTo6pa»ceHHe <f> He 6yfleT sbjihtbch sjicmchtom neHT- 
poH^a ajire6pbi. ^eiicTBHTejibHO, ecjiH /3y — HeHyjieBaa KOMnoHCHTa MaTpHHbi G, 

TO 

<t>(ei) ^ [ei,...,ei,...,0(e„+i)]. 
OTcro^a BiflHM. ^to BbinojiHaeTCH ycjiOBHe 4) b (popMyjinpoBKe jieMMbi. JleMMa 
^,OKa3aHa. 

TeopeMa 6. KacncdaM Henpocman (n+ l)-Mepnaji n-apnaji aAze6pa QuAunnoea 
Had aA8e6pauHecKu aaMKuymuM uoacm xapanmepucmuKu nyjvb uMeem nempueu- 
aAtHoe 6 -duaiaiepenuupoGanue npu npou360A"bHOM 5 =/= 0,1. 

,HoKa3aTejifcCTBO. CorjiacHO KjiaccnepHKanHH (n+ l)-MepHbix n-apHbix ajire6p 
cDnjinnnoBa |16j . Bee Taxne ajire6pbi, He HBjrHioiHHecH npocTbiMH, HCHepnbiBaiOTca 
cjieflyiomHMH THnaMH ajire6p (A\), (Si), (-B2), (Gi), (C2), {D r ) (r =/= n + 1). TaKHM 
o6pa30M, fl0Ka3aTejibCTB0 TeopeMbi cjiepyei H3 npHBCflCHHOfi KjiaccH<pHKaHHH aji- 
re6p h jie-MM 1-5. TeopeMa flOKa3aHa. 

TeopeMa 7. Kaotcdasi npocmaji KOHeuHOMepnaji a,Aze6pa OuAunnoea Had aA- 
ze6pauuecKU aaMKHymUM noAeM xapaKmepucmwuu nyAb UMeem HempueuaA&Hue 
anmuduaiaiepeHiiALpoeaHUH u He UMeem nempueuaAbHux S-dugjajepewnupoeaHuu, 
omAUHHux om aHmudugjgjepeHv i upoeaHuu. 

,ZJoKa3aTejibCTBO. CorjiacHO |15) . KajKflaa npocTaa KOHeHHOMepnaa n-apHaa 
ajire6pa OHjiHnnoBa Hafl ajire6paHnecKH 3aMKHyTbiM nojieM xapaKTepncTHKH Hyjib 



n30Mop4>Ha npocToft n-apHoii ajire6pe OiuiimnoBa rana (D n +i), BnepBbie oniicaH- 
hoh B. T. Oiuihihiobbim b |16| . TaxiiM o6pa30M, ycjiOBHe TeopeMbi cjie^yeT 113 jieM- 
Mbi 5. TeopeMa ^OKa3ana. 

OTMeTHM, hto n-apHbie ajire6pbi OiuiimnoBa Tuna (D n+ i) hbjihiotch o6o6me- 
HHeM (Ha cjiynaii n-apHoii onepainiii yMHOJKeHiia) ii3BecTHOii npocToft ajire6pbi JI11 
sl 2 h npii n = 2 coBnaflaiOT c Heft. B CBoe BpeMH, H. C. XonKHHC iiccjie/jpBa- 
jia aHTHflH(p(pepeHn,HpoBaHHa npocTbix KOHenHOMepHbix ajire6p JIh b pa6oTe [lj, 

Vflfi eft 6bIJIH nOCTpOeHbl npHMepbl HeTpHBHajIbHblX aHTHflHCpCpepeHHHpOBaHHft flJIH 

ajire6pbi sl 2 . IIojiyHeHHbie pe3ynbTaTbi corjiacyiOTCH c pe3yjibTaTaMH H. C. Xon- 
khh [I] 11 B. T. OiuijiiinoBa [3l |4] OTHOCiiTejibHO aHTH,a,H(p(pepcHHiipoBaHHii 11 5- 
/nicpepepeimiipoBaHiiii npocToft ajire6pbi JIii sl 2 . 3aMeTiiM, hto ^,H<p(pepcHn,HpoBa- 
hiih npocTbix KOHe^HOMepHbix ajire6p OmiiinnoBa Ha^ ajrre6paHHecKH 3aMKHyTbiM 
nojieM xapaKTepHCTiiKii Hyjib 6bijiH oimcaHM b |16| . 

3. (5-flHd>d>EPEHU,HPOBAHHH TEPHAPHOH AJirEBPbl MAJIbD;EBA Mg. 

Kjiacc 71-apHbix ajire6p MajibueBa 6biji onpeflejieH b |17] KaK HeKOTopwft ecTe- 
CTBeHHbiii Kjiacc n-apHbix ajire6p, coflepjKamiift Kjiacc n-apHbix ajire6p BeKTopHoro 
npoH3BefleHiia. K HacTOHineMy BpeMeHii e/niHCTBeHHbiM H3BecTHHM npinviepoM npo- 
ctoh n-apHofl ajire6pbi MajibHSBa, He HBjraioiHeftcH ajire6poii OnjiiinnoBa, cjiyjKiiT 
npocTaa: TepHapHaa ajire6pa MajibueBa Mg, BCBHiiKaiomaH na 8-MepHoft KOMno3H- 
iniOHHOft ajire6pe. B CBoe BpeMH, fliiepcpepeimiipoBaHiiH TepHapHoii ajire6pbi Ms 
6bijiii oniicaHM b pa6oTe [18] . a b pa6oTe [19j 6bijio nocTpoeHO ee KopiieBoe pa3jio- 
>KeHiie h BBefleHa CTpyKTypa Z3-rpaflynpoBKH. 

n-ApHbiM HKo6naHOM mh Ha3bmaeM cjie,nyioiHyrc> (pyHKiniio, onpeflejieHHyio Ha 
n-apHoft ajire6pe: 

J(x 1 ,...,x n ;y 2 ,...,y n ) = 



[[x 1 ,...,x n },y 2 ,...y n ] -^[xi,...,[ 



X jj y2i • • • , J/nJ , ■ ■ ■ , X n \ . 

H3 onpeflejieHHH cjie^yeT, hto ecjni A — n-apHaa ajire6pa OnjinnnoBa, to 

J(xi,. ..,x n ;y 2 ,...,y n )=0 

AJih Bcex xi,. ..,x n ,V2,- ..,y n € A. 

n-ApHoft ajire6poft MajibueBa (n > 3) mm Ha3biBaeM ajire6py L c o/nroft aHTH- 
KOMMyTaTHBHOii n-apHoft onepainieft [xi,... ,x n ], yn,OBjieTBopsioiHeft TOJKflecTBy 

-J(zRx,X2,-. -,x n ;y 2l .. . ,y n ) = J{z,x 2 ,. ..,x n ;y 2 ,... ,y„)R x , 

vpfz R x = R X2 ,...,x n — onepaTop npaBoro yMHOJKeHHH: zR x = [z, x 2 , . . . , x n \. 

^ajiee nojiaraeM, hto F — nojie xapaKTepncTHKH, otjihhhoh ot 2,3, h o6o3HaHa- 
eM Hepe3 A — KOMno3HiniOHHyio ajireSpy Hafl F c iraBOjHoniieii a — > a h efliiHimeii 1 
(cm., HanpHMep, |20)V CHMMeTpiinecKyio 6HjniHeiiHyio cpopMy (x,y) = -^{xy + yx), 
onpeflejieHHyio na A, npeflnojiaraeM HeBbipojKfleHHOii h nepe3 n(a) o6o3Ha x iaeM 
HopMy sjieMeHTa a € A. Onpe^ejiiiM Ha A TepHapHyio onepau,ino yMHOJKeHHH [-,-,•] 
npaBiuiOM 

[x, y, z] = xyz - (y, z)x + (x, z)y - (x, y)z. 
Torfla A CTaHOBHTca TepHapHoii ajire6poii Majn>u;eBa |17| . KOTopaa oGosHa^aeTca 
nepe3 M (A), a ecjin dim(A) = 8, to nepe3 Mg. 



HanoMHiiM, hto nncpcpepeHHHpoBaHHeM TepHapnoii ajire6pM Ha3MBaiOTCH jih- 
HeiiHbie OTo6pajKeHHa D, ynpBjieTBopaioiHiie paBencTBy ([2]) npn n = 3. B pa6oTe 
[18J 6bijio onHcaHBi /nicpcpepeHHHpoBaHHH TcpHapHoii ajire6pbi MajitueBa Ms, rne 
6bijio noKa3ano. hto KajK^oe /nicpcpepeHHiipoBaHHe sBjisreTCH BHyTpeHHHM, to ecTb 

Der(M s ) = ([R x ,y,Rx,z] + R x ,[y,x, z ]\x,y,z € M 8 ). 

Hor <5-flH(p(pepeHii,HpoBaHHeM TepHapHoii ajire6pbi, mm no^pa3yMeBaeM jiimeH- 
Hbie OTo6pajKeHHH cf>, ynpBjieTBopaioiHiie paBeHCTBy ([3]) npH n = 3. 5Icho, hto b 
cjiynae TepnapHofi ajire6pM L KajKHMii sjieMeHT ueHTpoH^a T(L) 6ya,eT hbjihti>- 
ch g-AH(p(pepeHii,HpoBaHHeM. HeHyjieBoe J-flHcpcpepeHinipoBaHHe <fi 6yaeM CHHTaTb 
HeTpHBHajibHbiM, ecjiH 5 ^ 0, 1 h <f) (fi r(L). 

IlycTb U — noflnpocTpancTBO b V h x € V. Hepe3 x\u mbi 6yaeM o6o3HaHaTb 
npoeKHino BeKTopa x Ha noflnpocTpaHCTBO U . 

TeopeMa 8. Tepnapnasi a,Aze6pa Ms ne UMeem HempueuaAbuux S-dwfitfiepeHV,!/,- 
poeaHuu. 

,HoKa3aTejibCTBO. IlycTb l,a, b, c — opTOHopMirpoBaHHbie BeKTopa 113 A. Bbi- 
6epeM cjie/iyioiHHH 6a3iic b A: 

{ei = 1, e2 = a, e^ = fo, e4 = ab, e§ = c, ee = ac, e-j = be, e% = abc}. 

OncpaTop npaBoro yMHOJKCHHH R x ,y Ha3biBaeTCH peryjiapHBiM, ecjiH b <phtthh- 
tobom pa3jiojKeHiiH M = Mo ©Mi othochtcjibho R x ,y paSMepHOCTB Mq MHHHMajib- 
Ha |19| . CorjiacHO |191 TeopeMa 1] , mm iiMeeM KopHeBoe pa3jio»ceHHe ajire6pbi Mg : 
M = M © M a © M_ Q , rfle a £ F TaKoii, hto vR xy — ±av fljia: jiio6oro v G M± a . 
TaKJKe, ii3 |191 JleMMa 3], H3BecTHO, hto Ha TepHapHoii ajire6pe Mg cymecTByeT 
HeTpHBHajibnaa rpa/ryHpoBKa. Ecjih mm o6o3HanHM M± a nepe3 M±%, to 

[Mi,Mj,Mk] C M i+ j +k ( mod3 ) . 

IlycTb v € M Q , Torna 

(12) a<j>(v) = (f)(vR x , y ) = 5([<p(v), x, y] + [v, </>(x), y] + [v, x, <p(y)}). 

ByneM CHHTaTb, hto 4>(v)\ Ma = w a ,(f>(x)\ M „ = a x x + y y, (/)(y)\M„ = a y x + (i y y. 
YHHTbiBafl ^aHHbie cooTHOineHHH b paBencTBe (|12[) . mm nojiynaeM w a = a ^_g Sv. 
3aMeTHM, hto corjiacHO |19i JleMMa 1], onepaTopbi R ei . ei+e . h i? e - jei+e . npn i =/= j 

HBJIHIOTCH peryjTiipHblMIl. CjieflOBaTejIBHO, Mbl MOJKeM SaKJIIOHHTb, hto 

z -0V = -0V, 



OTKy^,a a ei = a ej . TaKJKe otmcthm, hto BepHO -jzib — ci ei . BiocjieflHee HaM ^aeT 



jih6o 8 = |, jih6o a ei = 0. 



Ci — Gj€k - 


— &l&m 


= e s e t , 


Cj — &s&m 


= e k e % 


= e t e z , 


&k = G^Cj" ■ 


= e m e t 


= e s e/, 


&l = &m&i 


= e k e s 


= eje t , 


&m — &i&l 


= e t e k 


— &J&S-) 


e 8 = eiek : 


= ete» = 


- 6771 6j, 


&t — 6j6 s 


— fifc^-m 


= e /ej . 
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fljia Ka»c^,oro j G {2, . . . , 8} bo3mo>kho BBi6paTB j, fc, /, m, s, i, 3aBHCflmiie ot i, 
TaKHe, ito 

(13) 
(14) 
(15) 
(16) 
(17) 
(18) 
(19) 

8 

Mbi MO»ceM CHiiTaTb, hto 4>{e q ) = ^ a qp e p . HaM yace H3BeerHO, hto a gg = a pp , 

P =i 

a, npH <5 7^ 4, BbinojiHHeTCH a pp = 0. Bjiaroflapa TOMy, hto 

0(e s ) = <p([ei,ej,ei]) = 6([^(ei),ej,ei] + [ei,(/>(ej),ei\ + [ei,ej,<f)(ei)]), 
BbinojiHHB cooTBeTCTByiomHe onepaniiH yMHOJKeHHft, mbi HMeeM 

8 

22 a sp e p — $( — a it ei + a ik e m - a im ek + anet - a is ei 
p=i 

Qjm&l 1 @>jl&m 1 Q*jt&k Qjk&t ^js&j 

+ aikei + aue m - ane k - ai m e t - auei). 

(k npHMepy, [e,,e;,e fe ] = {eiei)eh = {eieC)e k = -e m e k = e k e m = e*). Cjie^o- 
BaTejiBHO, a sp = —Sa ps , iyje p G {i,j, /}. IIpoh3bojibhoctb HH^eKca i h coot- 
HOineHHH (|13H19[) no3BOjiaiOT HaM c^ejiaTB bbiboa, hto a pq = —8a qp pjisi Bcex 
p,q G {1,...,8}. HcnojiB3ya nojiyneHHoe cooTHOineHHe, Mbi MOJKeM saioiiOTHTB, 
hto a pq = —Sa qp = S 2 a pq , hto BjieneT (5 = — 1 11 a pg = a qp , jih6o TpHBHajiBHOCTB 0. 
IIoKajKeM, hto ajire6pa M 8 He HMeeT HeTpHBnajiBHBix aHTHflHcptpcpeHHiipoBaHiiii. 
B flajiBHeiiHieM, mbi nojiB3yeMCH npHBefleHHOii cxeMoii paccyjK/i,eHHH h homhhm, hto 
S = -1. 

Mbi paccMOTpHM — </>(et) — </>([e,-,efc,e/]), hto BjieneT 

8 
/ e^t p e p — ^ di\C s eL^jC^n t Q>imej Q^s^l T" Qitei 

p=l 

+ afeie m + afcj-e s — a km e\ — a^e.,- + a kt e k 
+ anej - a^ei - a hn e s + ai s e m + a/ t e/). 

OTKyn,a mbi nojiy^aeM 

(20) ats = an + cij k — a m i- 

Mbi paccMOTpHM 4>(e m ) = cf>([ei,ej,et\), hto BjieneT 

8 
/ ^mpe p ^ eii\Cl di k C s O-j/61 T" OjijyiCi Qi s B k 

p=l 

+ aj\e s — aj k ei + a,jie k + aj m ej — a,j s e\ 
+ a n e k - a tk ei - a t ie s + a tm e t + a ts ei). 
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OTKy/ja mm nojiy^aeM 

(21) a m i = an - djk + a ts . 

Mm paccMOTpHM —(f>(et) = <f>([ei,ej,e m ]), ^ito BjieneT 






p=l 

- ajiei — a jk e s + ajiei + aj S e k + a Jt ej 

dml&k t Qm^l T" a rn i€ s ^ms^-l T Q-miC m J • 

OTKy^a mm nojiy^aeM 

(22) a ts = an — djk + a m i- 

Mm paccMOTpiiM —<p(e s ) = 4>{[&i,&kj e m])-> HT0 BjieneT 

8 

-2ja sp ep = -( - duet + ciijei + a,i s ei + duel — auej 

P =i 

- a kl ei - a kj e t + a ks e k + a kt ej + a u ei 

< Q"miCj d rn jE\ -f" a ms e m -(- a m t&i a ra iCi). 
OTKya,a mm nojryraeM 

(23) a st = —aii — o,jk — a-mi- 
3aMeTHM, hto H3 (120p h (|2ip BMTeKaeT 

(24) Ofcj = a st ,a m i = o,-i. 
3aMeTHM, ^ito H3 (|20j) h (122[) BbiTeKaeT 

(25) an = a st ,a m i = ajy. 
3aMeTHM, hto H3 (|23p h (|24p BMTeKaeT 

(26) a st = -Omj. 
IIpoaHajiH3HpoBaB paBencTBa (J24M26J) . mm nanynaeM 

Oil = a st = a m i = a k j = 0. 

Hcxo^h H3 npoH3BOjii>HOCTH HHfleKca i h cooTHOincHHii ()13fll9|) . mm nojiynaeM TpH- 
BHajibHOCTB OTo6pajKeHHH <f>. TeopeMa ,n,OKa3aHa. 

IIojiyHeHHaa: TeopeMa ,a,aeT cymecTBOBaHHe npocTofi n-apHoii ajire6pM Majitue- 
Ba, He HBjiaiomeHca n-apHoii ajire6poii <J>HjTHirnoBa, Ha^ ajireGpannecKH 3aMKHy- 
tmm nojieM xapaKTepHCTHKH Hyjib, KOTopaa, b otjihhhh ot rt-apHbix ajire6p <3>h- 
jinnnoBa Hafl ajireSpaHnecKH 3aMKHyTMM nojieM xapaKTepncTHKH Hyjib, He HMeeT 
HeTpHBHajiBHMx <5-/n«p(pepeHHHpoBaHHH. Otmcthm, hto flaHHBie pe3yjii>TaTM co- 
rjiacyiOTca c pe3yjibTaTaMH B. T. <J>HjiHimoBa [5] 06 OTcyrcTBHH HeTpHBiiajibHMx 
(5-flH(p(pepeHD;HpoBaHHfl: na nepBHHHMx 6iiHapHMx HejineBMx ajire6pax MajitueBa. 

B saKjHOHCHHe, aBTop Bbipa>KaeT 6jiaroflapHOCTb B. H. JKejia6HHy h A. II. no- 
>KHflaeBy 3a BHHMaHne k pa6oTe h KOHCTpyKTHBHbie 3aMenaHHH. 
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